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Correlation of Helicopter Rotor Tip Vortex Measurements

Mahendra J. Bhagwat¤ and J. Gordon Leishman†

University of Maryland, College Park, Maryland 20742

The roll-up and development of the tip vortices generated by subscale helicopter rotors were measured and
analyzed. The measurements were performed on one- and two-bladed hovering rotors using three-component
laser Doppler velocimetry. A trip strip was used to simulate boundary-layer transition at the higher Reynolds
numbers typical of the full-scale rotor. The detailed velocity � eld of the tip vortex was investigated, a strong self-
similarity of the swirl velocity pro� le being found. The measurements suggest a general logarithmic growth of the
viscous core, which for older vortex ages is proportional to the square root of time (vortex age). Measurements
from other helicopter rotor and � xed-wing experiments are used to support the observations.

Nomenclature
A = rotor disk area, p R2 , m2

CT = thrust coef� cient, T / q A X 2 R2

c = rotor blade chord, m
d̄ = nondimensionaldistance, f C v / ( X c2)
Nb = number of blades
R = rotor radius, m
r = radial distance, m
r̄ = nondimensional radial distance, r / rc

rc = vortex core radius, m
T = rotor thrust, N
t = time, s
Vh = swirl (tangential) velocity, m s ¡ 1

Vh max = peak swirl velocity, m s ¡ 1

V̄h max = nondimensionalpeak velocity, Vh max c/ C v

x , y, z = rotor coordinate system, m
xT , yT , zT = traverse coordinate system, m
C = circulation,m2 s ¡ 1

C c = vortex core circulation, 2p Vh maxrc, m2 s ¡ 1

C v = net vortex circulation, m2 s ¡ 1

d = turbulent viscosity coef� cient
f = vortex age, deg
¯f = equivalent vortex age, Nb f , deg
m = kinematic viscosity, m2 s ¡ 1

q = � ow density, kg m ¡ 3

r = rotor solidity, Nbc / p R
X = rotor rotational frequency, rad s ¡ 1

Introduction

T HE blade-tipvorticesare aerodynamicallythe most signi� cant,
but perhaps the most intricate and poorly understood, features

of a helicopter rotor wake, e.g., Ref. 1. The strengths, induced ve-
locity � eld, and spatial locations and orientations of the vortices
relative to the rotor affect blade loads, rotor performance(i.e., thrust
and power), and rotor noise levels.Under many � ight conditions,es-
peciallyduring maneuversand descending� ight, the blades interact
closelywith tipvorticesgeneratedbyotherblades,resultingin a phe-
nomenon known as blade vortex interaction (BVI). BVI produces
three-dimensionalunsteady airloads that can manifest as high rotor
vibrations and strong impulsive noise.2 The tip vortices can also af-
fect the induced airloads on the helicopter fuselage3 or the tail rotor
and empennage assembly.4 These complex vortex/airframe interac-
tions can lead to aerodynamic-inducedairframevibrations,losses in
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rotor performance,and an overall degradationin the handlingquali-
ties of the helicopter.Therefore, one key to improved predictionsof
many helicopter-relatedproblems lies in a better understandingand
modeling capability of the blade-tip vortices.

Several numerical models have been developed to represent the
vortical rotor wake and its effects on the aerodynamic environment
around the helicopter. These models range from integral momen-
tum approaches to modern computational � uid dynamics based on
� nite difference techniques. The free-vortex methodology or free-
wake5 –11 has emergedas one of the most practicalmethodsbecause
it can provide a high-� delity wake solutionat modest computational
expense, as well as minimizing dependenceon empirical factors. In
a typical free-wakemethod the discretizedwake � laments evolve in
a force-free manner according to Helmholtz’s law under the action
of an inducedvelocity � eld resulting from all of the vortex � laments
in the surrounding� ow. In effect, the processof vortex convectionis
separatedfrom other viscousmechanisms.This, however,presumes
an a priori knowledgeof the vortex roll up as well as any subsequent
viscosityrelatedgrowth characteristics,e.g., the circulationstrength
and the viscous core size of the tip vortex as a functionof wake age.
Therefore, the successof free-wakemethodsas an analysisor design
tool depends not only the ability to convect the tip vortices accu-
rately, but also on the ability to model vortex and its viscous growth
characteristics. Key modeling issues are the vorticity and velocity
� eld surrounding the vortex core and the diffusive/dissipative time
scales. In most cases these parameters have been modeled semi-
empirically based on information extracted, extrapolated, or other-
wise assumedfrom measurementsperformedon � xed (nonrotating)
wing-generatedvortices,e.g., Refs. 12 and 13. Correspondingmea-
surements of the tip vortex � ows generated by rotors have not yet
been obtained in suf� cient quality and quantity. This is, in part, be-
cause of the highly time-varying and three-dimensional nature of
the rotor � ow� eld (e.g., Ref. 1), which stretches the limitations of
most � ow diagnostic instrumentation.

Laser Doppler velocimetry (LDV) offers an accurate and ver-
satile measurement technique, and its nonintrusive nature makes
it most suitable for rotating-wing experiments.14 – 21 One-, two-,
and three-component systems have been used for rotor � ow� eld
measurements. However, one- and two-component LDV systems
tend to suffer from reduced spatial resolution because of elon-
gatedmeasurementvolumes,more so with large stand-offdistances.
Three-component LDV systems can, at least potentially, deliver
extremely high spatial accuracy. Seelhorst et al.18 have conducted
three-component LDV tests in the wake of subscale helicopter ro-
tor with emphasis on the effects of blade tip shape. McAlister and
colleagues21 , 22 have used a three-component LDV to measure the
velocitiesin the near wake of a hoveringrotor, althoughonly at three
vortex ages. Han et al.,16 Coyne et al.,17 and Leishman et al.23 have
measured the velocity � eld and turbulencestructureof the tip vortex
generated by a one-bladed rotor using three-component LDV. The
results have documented the swirl (tangential) and axial velocity
pro� les of the tip vortex at several vortex ages.
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The objective of the present work is to provide further physical
insight into the structure of helicopter rotor-tip vortices, with a goal
of providing a basis for improved modeling in many forms of ro-
tor analysis. Measurements are performed using three-component
LDV. The results for three rotor con� gurations are compared and
contrasted.Correlationsobtainedsuggesta relativelygeneralvortex
structure and diffusive growth trend. The results are also compared
with experimental results from other sources,20 , 21 which are shown
to be in goodgeneralagreementwith the diffusivecore growth trend
suggested by the present measurements.

Description of the Experiment
Rotor System

The experimentalsetupconsistedof a teeteringtypesubscaleheli-
copter rotoroperatingin hover.The one-bladedrotorsused a counter
balance weight for dynamic balance, whereas the two-bladed rotor
used a set of matched blades. Untwisted blades with a rectangular
planform were used to keep the thrust distribution biased toward
the blade tip to produce a relatively strong tip vortex. The operat-
ing conditionsfor the rotors were chosen to match the blade loading
CT / r , so as to generatetip vorticeswith the same nominal strengths
(circulation), C v . In each case the rotor-tip Mach number was ap-
proximately 0.26, with a correspondingtip chord Reynolds number
of 2.7 £ 105 . The operating conditions for the different rotor con-
� gurations are summarized in Table 1. A boundary-layer trip was
used on the one-bladed rotor to simulate the transition point found
at full-scale rotor Reynolds numbers.

LDV System
A � ber-optic-basedLDV system was used to make measurements

of the velocity � eld. Three pairs of laser beams (green, blue, and vi-
olet) were used to measure simultaneously all three components of
velocity. The three pairs of beams were carefully focused at a point
in space with the aid of a microscope objective lens. The measure-
ment volume thus formed is de� ned by the intersection of the three
ellipsoidal beam crossing volumes (Fig. 1). The major axis of this
ellipsoidal volume is related to the beam crossing angles, with the
minor axis being related to the beam diameters (in this case, approx-
imately 73 l m based on the Gaussian 1/e2 energy distribution).

Table 1 Operating conditions for the rotor con� gurations

Rotor

Parameter One bladed Two bladed One bladeda

Number of blades 1 2 1
Rotor speed 2100 rpm 2010 rpm 2060 rpm

35 Hz 33.5 Hz 34.3 Hz
Blade radius 406.4 mm 406.4 mm 406.4 mm
Blade chord 42.5 mm 42.5 mm 44.3 mm
Collective pitch 4 deg 5 deg 4 deg
CT (estimated) 0.003 0.006 0.003

aBoundary-layer transition point � xed.

Fig. 1 Schematic of LDV system and rotor showing global traverse
and local tip-vortex coordinate systems.

Two modes of LDV data acquisition are possible: random mode
and coincidence mode. In the former mode the three velocity com-
ponents are uncorrelated and independentof each other. This mode
generally provides a lower spatial resolution, also with a prepon-
derance of data on one component. In coincidence mode, which
is the acquisition mode used here, the velocity measurements are
obtained simultaneously and are statistically correlated. Data ac-
quisition is also limited to a time window where digital processors
on all three channelsneed to recognize a data point simultaneously.
This ensures that the velocitiesmeasuredare from the same particle.
Furthermore, in coincidencemode the effective LDV measurement
volume is of the order of the beam diameter, as de� ned by the three
pairs of intersecting ellipsoids from each of the green, blue, and
violet beam pairs. Therefore, this acquisition mode gives superior
spatial resolutionas comparedto either one- or two-componentsys-
tems (where the effective three-dimensional measurement volume
is of the order of the major axis of the ellipsoidal volume) and is
essential to measure accurately the high velocity gradients found
inside the vortex cores.

The � ow� eld was seeded with atomized olive oil. From a cal-
ibration the atomizer was found to produce seed particles with a
diameter of 0.8 l m with a standard deviation of 0.2 l m. This con-
sistent, submicron size minimized any errors in velocity � eld mea-
surements resulting from acceleration effects on the seed particles
(see Ref. 24 for a detailed analysis of this problem). For the present
� ow, these errors are negligible.The scattered light from seed parti-
cles crossing the interference fringes was collectedby the receiving
optics and coupled to a set of photomultipliers through � ber-optic
receiving � bers. A real-time autocorrelator computed the Doppler
frequency for each channel, which were subsequently transformed
into three orthogonal velocity components. A rotating machinery
resolver interface used the one-per-revolution (1/rev.) signal from
the rotor to assess continuously the rotor phasing. This was used
to calculate the blade azimuth position, which was digitally tagged
to the velocity data. The azimuth-taggeddata were then sorted into
400 discrete bins (i.e., an azimuthal resolution of 0.9 deg per bin).
A phase-lockedloop processorensured that the data were free from
any errors introduced by slight variations in the rotational speed
of the rotor. Further details of the general setup can be found in
Refs. 16 and 23.

A source of uncertainty in making velocity measurements in the
tip vortex core is the aperiodic nature of the rotor wake, similar to
the wandering or meandering in the � xed-wing case.25 The aperi-
odic motion of the tip vortices causes an averaging effect, therefore
resulting in a smaller swirl velocity in the tip vortex and also a larger
effective core size. It is possible to estimate this uncertaintyand, in
in some cases, to correct the measured velocity� eld for these effects
using deconvolutiontechniques.25 , 26 For the present measurements
the maximum uncertainty resulting from aperiodicityat vortex ages
of less then one rotor revolutionwere determined to be at most 5%,
i.e., the measuredcore size was at most overestimatedby 5% and the
measured velocity peaks at most underestimatedby 5%. For vortex
ages between one and two revolutions, the maximum uncertainty
increased to 10% and to about 20% for vortex ages older than two
revolutions.

Boundary-Layer Trip
The dif� culties in conductingcorrelated three-componentphase-

resolvedLDV measurementspresentlyrestrict the technique to sub-
scale helicopter rotor models. This, however, raises several ques-
tions about Reynolds-number scaling. The blade Reynolds number
governs the boundary-layer thickness, the points of transition and
separation, and also the thickness of the shear layer in the wake
behind the blade. The inability to match the laminar to turbulent
transition point is probably a more serious cause of scale effects.27

There is a further complication because of the need to address the
scaling effects of vortex Reynolds number C v / m . This aspect of the
problem, however, is not addressed in the present work.

One method of predetermining the boundary-layer transition
point is by usinga trip stripor distributedsurfaceroughness.28, 29 Be-
cause the Reynolds number varies along the span of the blade, there
is no established practice for using boundary-layer trips on rotors.
However, standardpractice for � xed-wing experimentsdictates that
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the height of the trip or roughnessshould be calculatedbased on the
critical Reynolds number required for transition to turbulence.30, 31

The results reported in Refs. 28, 29, and 32 were used as guidelines
to design trip strips for the rotor tests. A trip strip was preferred
over distributed surface roughness to avoid the possibilities of pre-
mature separation of the turbulent boundary-layer downstream of
the transition point.

The height of the trip strip was chosen to be of the order of the
estimatedlaminar boundary-layerthicknessat eachstationalong the
blade. Because the Reynolds number varies along the blade span,
both the trip height and width must be varied. The trip strip was
located at 2% chord from the leading edge of the blade on the upper
surface and at 20% chord on the lower surface.The heightof the trip
was of the order of the predicted laminar boundary-layerthickness
at that chordwise station. The trip was fabricated using 320-grit
aluminum oxide particles near the blade tip, which progressively
transitioned to 240-grit carborundumparticles further inboard. The
width of the strip was increased linearly from 2% chord at the blade
tip to 4% chord near the root.

Test Procedure
Light sheet/smoke � ow visualization was used to target the lo-

cations of the tip vortices. These results were used to center the
LDV measurement grid about the vortex axis at each measurement
plane. A traverse grid was generated with a 1-mm (2.4% of chord)
spacing away from the viscous core region and less than a 0.2-mm
(<0.5% of chord) spacing around the vortex core. In the � rst set of
experiments, phase-resolvedmeasurements were made over a com-
plete rotor revolution, with up to 40 K coincident data samples per
channel per grid point being speci� ed. The nominally helical tip
vortices generated by each blade convect along the wake boundary
and pass through these grids, the axis (stagnation point) of the tip
vortex becoming centered on the grid only at one particular vor-
tex age. A second set of experiments was conducted to allow more
detailed measurements of the tip vortex structure. In this case the
measurementswere also windowed in an azimuthalsense to a width
of 45 deg (correspondingto 50 bins) centered around the same vor-
tex age. This resulted in a much largernumber of valid data samples
in each bin and, therefore, improved the statistical accuracy of the
measured velocity � eld. This windowing process is schematically
illustrated in Fig. 2.

For the one- and two-bladed rotors tip vortex measurementswere
made at 14 vortex ages. This included measurements at vortex ages
as young as 10 deg, which is within one chord of the blade trailing

Fig. 2 Grids used for the two sets of phase-resolved measurements.

edge. Three-componentmeasurements could not be made at earlier
vortex ages because the trailing edge of the blade blocked optical
access of one or more of the six laser beams. The oldest vortex age
measured was at about two rotor revolutions.Beyond this point, the
onset of interactionsbetween elements of the vortices resulted in an
increased aperiodic behavior of the rotor wake as it progressively
degenerated into a turbulent jet. Coherent measurements, therefore,
become increasingly dif� cult for very old vortex ages. Measure-
ments at � ve vortex ages were made for the rotor with the transi-
tion point � xed by means of the boundary-layer trip. This allowed
comparisons of overall trends as well as with the vortex character-
istics at the corresponding vortex ages measured with the baseline
rotor.

Results and Discussion
The tip vortex convects in a nonuniform � ow that is induced by

the rotor and its entire wake system. To analyze the properties of
the trailed tip vortex itself, it is necessary to isolate it from the ef-
fects of the mean (time-averaged) � ow. In a classicalReynolds-type
decompositionthe measured phase-resolvedinstantaneousvelocity
� eld can be considered to comprise of two components: a time-
averaged convectionvelocity of the tip vortex through the � ow and
a residual induced velocity resulting from, in effect, the isolated tip
vortex. In the present case the latter quantity has been computed
by subtracting the time-averaged velocity measured over one rotor
revolution from the instantaneous measurements at the same grid
points. Figure 3 shows an example for the one-bladed rotor at a vor-
tex age f =102.2 deg. The tip vortex lies on the boundary of a con-
tracting jet-like wake. Therefore, the time-averaged measurements
show a signi� cant slipstream velocity inside the wake boundary,
in this case with a maximum nondimensional value of about 0.06.
Outside the wake boundary there is only a small velocity resulting
from� ow entrainment.When this time-averagedresult is subtracted
point-by-pointfrom the instantaneousphase-resolvedvelocity � eld,
the convection velocity is removed, and the resulting velocity � eld
is essentially in a frame of reference that moves with the vortex. In
this form the results are amenable to further analysis.

Velocity Field
Figures 4 and 5 show the residual swirl (tangential) velocities

measured at several different vortex ages for the one- and two-
bladed rotors, respectively. The asymmetry of the vortex � ow� eld
is noteworthy, with a lower upwash on the outside and the higher
downwash on the inside of the wake boundary.This implies that the
rotor-tip vortex consists of noncircular streamlines with respect its
axis (stagnation point), in contrast to the circular streamlines found
in a rectilinear axisymmetric vortex. This is not an unusual result
in vortex measurements and in this case can, in part, be attributed
to the self-induced effects associated with the curvature and helical
form of the tip vortex. This asymmetry has also been observed in
other rotor measurements20 and also some � xed-wing tip vortices,33

the latter of which can be attributed to the presenceof anothervortex
or a solid boundary.

Fig. 3 Typical measurements of swirl velocity in the vortex when cen-
tered on the measurementgrid: instantaneous,time averaged,and resid-
ual, Nb = 1, ³ = 102.2 deg.
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Fig. 4 Swirl velocity pro� les induced by the tip vortex generated by
the one-bladed rotor at various vortex ages.

Fig. 5 Swirl velocity pro� les induced by the tip vortex generated by
the two-bladed rotor at various vortex ages.

Another signi� cant observation from Figs. 4 and 5 is that the ve-
locity peaks on either side of the vortex core asymptotically de-
crease as the vortex ages. This is indicative of vorticity diffusion,
which results from the action of viscosityand turbulencegeneration
within the vortex core. Proper quanti� cation and documentationof
the diffusion of tip vortices is a long-standing issue. There is a fur-
ther complicationin documentingsuch effects with helicopter rotor
because of the in� uence of other blades and tip vortices. For ex-
ample, the effects of close blade/vortex encounters, such as at the
� rst blade passageat f =360 deg/ Nb , can introduce velocitygradi-
ents that can result in vortex stretching and vorticity intensi� cation.
This effect is suggested in Fig. 4 at f ¼ 368 deg and in Fig. 5 for
f ¼ 208 deg, where there is a momentary increase in peak swirl ve-
locity. For rotors with more than two blades, these effects are likely
to be much more complicated and may even mask the underlying
viscous diffusion trends.

Figure 6 shows the results of the peak swirl velocities in the tip
vortex as a function of vortex age for the one-bladed rotor. The
asymmetry of the velocity pro� le is biased toward the inner side of
the wakeboundaryprior to the � rst bladepassage(f =360 deg/ Nb ).
After the � rst blade passage, however, the velocity distributions
becomemore symmetric.This initial asymmetrymust result, in part,
from self-inducedvelocity because of the curvatureof the � laments
with respect to the measurement grid. The basic effect of curvature
will be a higher swirl velocity peak on the inner side (inside the
slipstreamboundary) than the outer side (cf., a vortex ring). Perhaps
a less obvious reason for the asymmetry of the velocitypro� le is the
high velocity gradients induced by the rotating blade. The average
peak swirl velocity in Fig. 6 shows a decreasing trend as the vortex
ages.

Figure 7 shows the average maximum swirl velocities measured
in the tip vortices for the three rotor con� gurations that were tested.
Note that the ordinate in this case is vortex age f times the number

Fig. 6 Peak swirl velocity in the tip vortex as a function of vortex age
for the one-bladed rotor.

Fig. 7 Correlation of averagepeak swirl velocity as a function of equiv-
alent vortex age.

of blades Nb . This equivalent vortex age f Nb allows a comparison
of the results on a timescale that gives coincident blade passage
events. The results in Fig. 7 suggest that the core velocitydecreases
logarithmicallyas the vortex ages, which is a general characteristic
of viscous diffusion. Similar trends have been observed in � xed-
wing tip vortices, e.g., Ref. 34. Note, however, that at the � rst blade
passage there is a noticeable change in the growth trend. As al-
ready explained, this is most likely an effect caused by the higher
local velocity gradientsproduced as the blade and vortex come into
proximity.

Core Growth
The vortex core dimension is an important parameter that is fre-

quently used to de� ne the structure and evolution of vortices. The
core size is inversely related to the maximum induced swirl veloci-
ties and, therefore, can be used as an indicator as to the intensity of
inducedeffects.Because, in general, the tip vortices remain in close
proximity to helicopter rotors, more so in descents and maneuvers,
an understanding of not only the initial core size after roll up but
also the subsequent growth characteristicsare very important.

Half the distance between the two velocity peaks on either side
of the vortex can be considered as the nominal core radius. The
approach used in the present analysis is to � x the vortex center at
the stagnationpoint,where the vortex-inducedswirl velocityis zero.
Therefore, this results in a descriptionof the vortex in terms of two
unequal core radii on the inner and the outer sidesof the vortex axis.
From the velocity pro� les shown in Figs. 4 and 5, the average core
radius generally increases with increasing vortex age.

Figure 8 shows the averagecore radiusas a functionof equivalent
vortexage for the one- and two-bladed rotors. A logarithmicscale is
used on the ordinateto bringout the logarithmicnatureof the growth
trend, which as alreadymentioned,is a characteristicof viscousdif-
fusion. The blade passageevent temporarily reduces or reverses the
growth trend, and a slight decrease in core size is observed after
the � rst blade passage. This decrease in core size is more evident in
case of the two-bladed rotor because the tip vortex is nearly twice
as close to the following blade. After the blade passage the core
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Fig. 8 Growth of the vortex core as a function of equivalentvortex age.

Fig. 9 Typical results showing the asymptotic values of circulation on
the inner (wake) and outer (quiescent � ow) side of the vortex axis: one-
bladed rotor, ³ = 102.2 deg.

continues to grow, although the growth is slower and more asymp-
totic. The core radii for the rotor with the boundary-layertransition
point � xed were found to be slightly larger than for the baseline
rotor. The peak swirl velocities, however, were approximately the
same (see Fig. 7).

Vortex Circulation
Conventionally, the tip vortex is assumed to be axisymmetric,

i.e., the circulationdensity (Vh r) is assumed to be constant for each
value of r , and the circulation is calculated from the closed loop
integral as

C (r) = ¡ K 2 p

0

Vh r dh ¼ ¡ 2p Vh r (1)

In the present case the tip vortex is nonaxisymmetric; therefore,
an average circulation is calculated separately from measurements
on opposing sides of the vortex axis. Typical results are shown in
Fig. 9 for the one-bladed rotor at a vortex age of 102.2 deg. The
tip-vortex circulation strength C v was approximated as the average
of the asymptotic values at large r on opposing sides. The advan-
tage of � xing the vortex center at the stagnation point is that the
circulation density near the vortex axis becomes symmetric, i.e.,
(Vh r) ¡ = (Vh r)+ .

Figure 10 show the average tip-vortexcirculationas a functionof
the equivalentvortexage for the one- and the two-bladedrotors.The
tip-vortex circulation is highest at early vortex ages and decreases
only slowly with vortex age or remains nominally constant, thereby
con� rming that energy dissipation in the tip vortices is very small,
at least over the � rst few rotor revolutions. Also there is a slight
increase in circulation just after the � rst blade passage. For the
rotor with the boundary-layer transition point � xed, the tip-vortex
circulation was found to be slightly higher at earlier vortex ages;
however, the overall trend was found to be the same as for the other
two rotors.

Fig. 10 Average tip-vortex circulation as a function of equivalent vor-
tex age.

Fig. 11 Normalized vortex swirl velocity pro� les for one-bladed rotor.

Fig. 12 Normalized vortex swirl velocity pro� les for one-bladed rotor
with boundary-layer transition � xed.

Self-Similarity of the Tip Vortex
Figures 11 and 12 show the swirl velocitynormalized by the core

swirl velocity, i.e., the peak swirl velocity and the radial distance
normalized by the core radius. The reference velocity and length
scales are different for different wake ages and also for the inner
(slipstream)andoutersidesof the tip vortexowing to theasymmetry.
However, after normalizing in this manner, the velocity pro� les
collapse into one curve suggesting a strongly self-similar structure.
This is an important con� rmation of one aspect of modeling the
tip vortex behavior, where the assumption of a self-similar velocity
pro� le is frequently made, usually without validation.

Figures 13 and 14 show the normalized circulation pro� les for
the one- and two-bladed rotors, respectively.Here the circulation is
normalized with the core circulation 2 p Vh max rc . Again, the vortex
exhibits a self-similar behavior, with the circulation distributions
on either side of the vortex core at different vortex ages coalesc-
ing to a single curve. The results for the rotor with the transition
point � xed indicate that the self-similar structure of the vortex is
unaffected.
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Fig.13 Normalized tip-vortex circulation pro� les for one-bladedrotor.

Fig. 14 Normalized tip-vortex circulation pro� les for one-bladedrotor
with boundary-layer transition � xed.

Fig. 15 Normalized circulation pro� les using different analytic core
models.

The circulation distribution in the vortex is analogous to the de-
velopment of a boundary layer.35 The inner core region, where the
circulation varies as C / r 2 , is similar to a laminar sublayer; a log
region, where the circulationvaries logarithmically,is similar to the
law of the wall and an outer defect layer similar to the outer region
in a fully developedturbulentboundary layer. The viscous core con-
tains only about 70% of the total circulation in the tip vortex. This
ratio is an importantdiscriminatorfor the developmentof a modelof
the � ow. The Rankine vortex, which assumes that all of the vorticity
is concentratedwithin the viscous core, has a value of C v / C c =1.0
(see Appendix). In the case of the Scully36 and Vatistas37 n =1 vor-
tex model, this ratio is 2, whereas the Lamb–Oseen38 and Vatistas
n =2 vortex models give values of 1.398 and 1.414, respectively
(also see Appendix). From the present tests one can see that the
Lamb–Oseen and the Vatistas n =2 vortex models most adequately
describethemeasuredvorticitydistribution.Figure 15 shows thecir-
culation as given by these models along with sample experimental
results shown previously in Fig. 9.

Fig. 16 Nondimensional peak swirl velocities in the tip vortices as a
function of equivalent nondimensionaldownstream distance.

Correlation of Vortex Measurements
Figure 16 showsresults in termsof thenondimensionalpeak swirl

velocities in the vortex as a functionof nondimensionaldownstream
distance from the blade tip. Following an approach similar to that
of Iversen,39 the nondimensionalvelocity and distance (vortex age)
are given by

V̄h max = (Vh max

X R )(X Rc

C v ) =
Vh max c

C v

(2)

d̄ = ( f R /c)( C v / X Rc) = f C v / X c2 (3)

The correlation between the measurements performed with the dif-
ferent rotor con� gurationsalso supports the observedself-similarity
of the tip-vortex structure. The decreasing trend in the peak swirl
velocity, which is also observed in the � xed-wing case,39 con� rms
that the tip vortices diffuse logarithmically with increasing vortex
age. The present data show a trend that can be described by

V̄h max (d̄ + 2.197)
1
2 = 2.782 (4)

Iversen39 reports a correlation region after a nondimensional dis-
tance of 50, where the measured vortex data showed the trend

V̄h max (d̄)
1
2 = 5.8 (5)

This decreasing trend in the peak swirl velocity can be interpreted
as viscous diffusion. For constant vortex circulation strength the
nondimensional peak velocity is inversely proportional to the core
radius, and the distance d̄ is proportional to the vortex age, i.e.,

V̄h max / 1/ rc , d̄ / f

This implies that the core radius increases as the square root of the
vortex age, i.e.,

rc / Ï f (6)

The Lamb–Oseen result for viscous core growth is given by

rc = Ï 4a m ( f / X ) (7)

where a =1.25643 (see Appendix). This can be written in terms of
nondimensionalpeak velocity and downstream distance as

V̄h max (d̄)
1
2 =

1 ¡ e ¡ a

4p ! 1
a (C v

m ) = 0.05692! 1
a (C v

m ) (8)

As shown by Squire,40 Lamb’s result can be modi� ed to include an
effective turbulent viscosity coef� cient d , which re� ects a higher
overall vorticity diffusion through turbulence generation compared
to molecular diffusion alone, i.e., the latter equation can now be
written as

V̄h max (d̄)
1
2 = 0.05692Ï (1/ a )( C v / d m ) (9)
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Fig. 17 Nondimensional peak swirl velocities in the tip vortex as a
function of equivalent nondimensionaldownstream distance.

Fig. 18 Growth of the vortex core in terms of equivalent vortex age.

Comparing this with Iversen’s results [Eq. (5)], it is apparent that
Iversen’s correlation is equivalent to including a turbulent viscosity
coef� cient that is proportionalto the vortex Reynolds number, C v / m
(also see Ref. 40). The peak velocity trend shown in Fig. 16 and
given by Eq. (4) corresponds to the core growth trend

rc = Ï 4 a d m [( f ¡ f 0) / X ] (10)

where, for thepresentdata, d = 8.243 and f 0 =131.6 deg. This curve
is shown in Fig. 17 along with the Lamb result and Iversen’s cor-
relation. The ordinate shift f 0 results in an effective nonzero core
radius at the tip-vortex origin (f = 0 deg) and, therefore, a � nite
velocity at d̄ =0. However, in the other two cases the swirl velocity
is singular at the origin of the tip vortex and unrealisticallyhigh at
small distances (vortex ages). At large downstream distances (vor-
tex ages) all three curves show the same qualitative trend, i.e., the
velocity is inversely related to

p
t , or equivalently, the core radius

increases proportionallywith
p

t .
Figure 18 shows the core growth trendderivedfrom the preceding

correlation trend, along with the Lamb-type trend with a constant
turbulent viscosity. Again, the differences between the two curves
are obvious at early equivalent vortex ages. At later ages the two
curves have a qualitativelysimilar behavior. At large ages they will
be almost coincident, i.e.,

rc / Ï f / X for f À f 0 (11)

Figure 19 shows the present measurements replotted along with
recent rotor-tip-vortex measurements from Refs. 20 and 21. These
results have been derived from the published measurements and
have been reprocessed in terms of nondimensional velocity and
downstreamdistance, as given by Eqs. (2) and (3), respectively.All
three sets of measurements show a good correlation, and all of the
results seem to follow the general logarithmic diffusion trend sug-
gested earlier. The measurements at early vortex ages from Ref. 21
again bring out the

p
(t ¡ t0) core growth trend suggested here, in

contrast to the classical
p

t core growth curve given by the Lamb

Fig. 19 General correlation of rotor-tip-vortexmeasurements in terms
of nondimensionalpeak swirl velocities and equivalent nondimensional
downstream distance.

model. The � xed-wing tip-vortexmeasurements reported in Ref. 39
are also shown for comparison. These � xed-wing measurements
tend to have somewhat larger downstream distances as compared
to the rotor measurements and, therefore, appear to show a

p
t -

type growth curve. However, as seen from Fig. 19, a
p

(t ¡ t0)-type
growth curve describes the � xed-wing data very well at both small
and large distances.

Conclusions
Measurementsof the tip vorticesgeneratedby subscalehelicopter

rotors operating in hover were performed using three-component
LDV. Rotor-generatedtip vorticesare generallynonaxisymmetricin
structure,at leastat youngvortexages. In spiteof this, the tipvortices
were found to exhibit a self-similar swirl velocity structure. The
strengthof the tip vorticeswas found to benominallyconstantfor all
measured ages, suggestingthat energy dissipationis a slow process.
However, the measurementsshowed that the tip vortices exhibiteda
notable viscous diffusion with increasingvortex age; the core swirl
velocitywas found to decreaselogarithmically,and thecore size was
found to increase logarithmically. A general correlation curve was
suggested to describe this behavior. This trend appears consistent
with other documentedmeasurementsmade of helicopter-rotorand
� xed-wingtip vorticesand lendscon� dence in theability to describe
their behavior by means of generalized semi-empiricalmodels.

Appendix: Velocity Models
The Lamb–Oseen model of the swirl velocity in the vortex can

be written as

Vh (r̄) =
C v

2 p rc
[1 ¡ exp( ¡ a r̄ 2)

r̄ ] (A1)

where a = 1.25643 and r̄ is the nondimensionalradius based on the
estimated core radius rc at that vortex age.

A series of general desingularized velocity pro� les is given
in Ref. 37, where the swirl velocity in a two-dimensional cross-
sectional plane of the vortex is expressed as

Vh (r̄) =
C v

2p rc

r

(1 + r̄ 2n )
1
n

(A2)

where n is an integer variable.The velocitypro� les for three special
vortex models with a particularvalue of n in the preceding equation
can be written as follows.

1) n ! 1 , Rankine vortex:

Vh (r̄) = {( C v / 2p rc)r̄ , 0 · r · rc

( C v / 2p rc)(1/ r̄), r ¸ rc

(A3)

2) n =1, Kauffman/Scully vortex:

Vh (r̄) =
C v

2 p rc

r̄

(1 + r̄ 2)
(A4)
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3) n =2:

Vh (r ) =
C v

2 p rc

r̄
p

1 + r̄ 4
(A5)

All of these velocity models satisfy the boundary conditions

Vh (r̄) = {0, r̄ = 0

Vh max , r̄ = 1

Vh (r̄) ! 0 as r̄ ! 1

The circulation at large r̄ does not approach zero but asymptotes
to a constant value C v . However, the maximum swirl velocity at
r̄ =1 has different values for the different models. This results in a
different net vortex circulation to core circulation ratio.

1) Lamb–Oseen vortex:

C v / C c = [1 ¡ exp( ¡ a )] ¡ 1 = 1.398 (A6)

2) n ! 1 , Rankine vortex:

C v / C c = 1 (A7)

3) n =1, Kauffman/Scully vortex:

C v / C c = 2
1
n = 2 (A8)

4) n =2:

C v / C c = 2
1
n = 1.414 (A9)
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